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Abstract— In this paper, Laplace Transform method is
developed to solve partial Integro-differential equations.
Partial Integro-differential equations (PIDE) occur
naturally in various fields of science. Engineering and
Social Science. We propose a max general form of linear
PIDE with a convolution Kernal. We convert the
proposed PIDE to an ordinary differential eguation
(ODE) using the LT method. We applying inverse LT as
exact solution of the problems obtained. It is observed
that the LT is a ssimple and reliable technique for solving

such equations. The proposed mode illustrated by
numerical examples.
Keywords—Partial I ntegro-differential equations

convolution Kernal, Laplace Transform.

I.  INTRODUCTION

In this paper, we study the partial Integro-differal
equation under the most general Laplace Transform
method (LT) for linear term with a convolution kein
Due to local nature of Ordinary differential operatthe
models containing merely ODOs do not useful in
modeling memory. One of the best remedies to oveeco
this risk factor is inclusion of the integral terim the
model. The ODE and PDE along with the weighted
integral of unknown function gives rise to an integ
differential equation or a partial integro-diffetiath
equation. Applications of PIDE can be found in wasd
fields. Various numerical schemes are proposed by
Dehghan [4] to solve PIDEs arising in viscosity.p&f

[2] proposed a Partial Integro Operators and imtegr
differential equations. Non-linear PIDEs arising in
nuclear reactor dynamics are solved by Pachapzitten]
some new integral and integro-differential inectigdi in

two independent variables and their application and
PIDEs have been used in jump-diffusion models for
pricing of derivatives in finance and management.
Abeerge [1] A Non-linear partial-integro-differeaiti
equations used a non-linear PIDE in financial mindel
The numerical technique basically illustrates hdwve t
Laplace Transform can be used to approximate the
solution of the non-linear differential equation by
manipulating the decomposition method which wast fir
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introduced by Schiff [6], the Laplace Transform ©he
and applications. The most valuable method forisglv
linear equation is the Laplace Transform technicileo
LT is used in for calculations of water flow, wave
equations, electronic circuit problems and heatsfier in
fractured rocks. Merdon et al [7] proposed a ralise
method for non-linear oscillatory systems using LT.

In this paper we applied Laplace Transform techamiqf

a linear PIDE under the convolution of two functolVe
construct our method to approximate the solutioDERI
In section two we introduce necessary definitioh&D.

In section 3, we developed the proposed method.
Examples are given in section 4.

II.  BASIC DEFINITIONS
2.1 Laplace Transform
Let f(t) be a real valued continuous function dedirfor O
<t <. Suppose that for a real (or) complex parameter s,

o0
—st

[e

the integral © f(t) exist. Then the integral

L[ f (t)] = ojoe_St f(t)dt = F(s)
0 is called Laplace Transform

of f(t).

2.2 Sufficient conditions

L[f(t)] exists for s <o, if

0] f(t) is piece wise continuous on every finite
interval in the range >t 0
(ii) f(t) is of exponential order.

The above conditions are sufficient but not neagssa

2.3 LT of periodic function
If f(t) is a periodic function with period T then

1 T g
L[f(t)] 1—e_tT (I)e f(t)dt
2.4 Convolution Theorem
Let f(t) and g(t) be two functions, L[f(t)] = F(s)}.[g(t)] =
G(s) then

} f(u)g(t—u)du
L-1[F(s) G(s)] = f(t) x g(t) =0
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. SOLUTION PROCEDURE OF PIDE
Consider PIDE,

0iu(x, s)

m au n au

z A\—+Z B—+Cu+z DI k (t-s) ds
i=0 P ox

+f(xt)—0 (1)

Where f(x,t) and Ki (t,s) are known functions. AiBi's
and C are constants or the functions of x.
Operating Laplace Transform on both sides of (1)

au n aiu
Z ALl — |+ Z BL +CL(u)

a i=0 o
t)}L[f(x,t)]w

Using convolution Theorem for LT, we get,

r 6iu(x
+_Z Di L kl (t-9) i
i=0 ox

m i A i-j ()
iEO Ai|:s u(t,s)] 21 |:s u (t,O)j|
n au(t s) -
+2 B +C uf(t,s)
i=0 6(
r _
X Dik(s) +L[f(t 9] =0

®3)

Wherea(t,s) - L[u(x,t)]

equation (2) is an ordinary differential equation i
u(t,s)

Solving this ODE and Operating Inverse Laplace

Transform ofu(x’ s) we get a solution u (X, t) of (1).

IV. ILLUSTRATIVE EXAMPLES
4.1 Consider the PIDE

2
a—zy = ﬂ + 2} (t —s)y(x,s)ds - 2ex
ot ox O (3)
With initial condition
y(x,0) =e-x, yi(x,0) =0 (4)
and boundary condition
y(0,t) = Sint (5)

Operating Laplace Transform w, r.t ‘t’ on (3),

2
9 t
L —zy = L(ayj+2L|:I (t—s)y(x,s)ds}—ZL (ex)
ot ox 0

oy
Sy =90~ (1.0)

dy 1 /- 1
=——+2 2(y 2e X)f

dx S
dy 2 — 1
="+ 2 y - 27
X s S
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0 - 2
Dy+(22—ssz:—s
00X S S (6)

This is a linear differential equation iKY . The general

solution of Y is

Integrating factor = \ ° . Integrating factor ds + C.

—-s
i %—sz]ds
Where integrating factof
(& (2 (F=e
=[| —-sfdse dt+C

S

1[82—32] t

S

(i) y(ts)e

;/(t,s) = et +Ce
s +1 (7)

Applying the boundary conditions

y(OS)
s +1

(8
Using (7) and (8) we get C=0
Eq (7) become,

et
s +1 (9)

Operating inverse Laplace Transform on (9),

Cyas] = (S - j

t -1 1 t .
=e L > =e sint
s +1

= y(xt) =exSint

y(tS)—

4.2 Example
Consider the PIDE

d t
ﬂ-iy+y+j e s (x,s)ds:(xz-l)et‘3
ot o (10)

With the initial conditions,
0

y(x,0) = xs,—y x,0)=1
o (11)

d
y(0,t) = t,l 0t)=0

o0x (12)
Now, Operating Laplace Transform of (10) w.r.t. ‘t’

2
d d t -
L(yj—L 2y +L(y)+L(I e Sy(x,s))ds
dt dx 0

= |_[(x2 —l)et] -L@3)
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dy 1 1 5 ay 62
L) -yt 0)-—5 +LY)+ — L) =— (K -1)-— y(x,0) = 0* (*x,0)=x+— ,0)= 0
dx s-1 s-1 ot ot (19)
2, 2
- dy - 1 (2 3 ay ]
sy(x,s)-y(x,0)- 72+y+7(x - 1)-* y(0,t) = 0— (0,t)= Cosr ; g ot F (
dx s-1 S ox a (20)
d2y s2 -2 s s 3
o2 | s-1 y=x .1 +:1+; Operating Laplace Transform on (18) w.r.t. ‘t’ amsing
_ the condition (19) we get,
This is ODE inY ) (%) (o
2 Ll —|+L| —g |*L| — |- LY
2 S at ot at
m - =0
The auxiliary equationis  s-1 t a3y
2 5 2 +L(xt)—L|:J cost¢-s)—5 (x.sHs= 0
2 s s 5 u 0X
> m =—=m== =z
1 3 2 1 11
s-1 s-1 s-1 sL(y) -y (0)+sL(y)~s" (y(0)- sy (0)- y " (0)
The complementary function is L s .
y
3 _S_ __S_ —L(y)+x—L[I costt-s)ds=0
y= Ae“/s‘__1 xBe */STlX S 6x3 u
Using above and solving we get, oy 1rs3 4 7 77— 1 3 3
s s 2 —3+—2|:s +s -s -lly=—(s ~1@l-s)
S—. 1 _;LX X 1 ox s s (21)
y(x s) = Ae + Be t— - . .
s s (13) The auxiliary equation is,
. - 1
Applying condmonslof (11), (12), 3 +(S+ 2.5 _SZJ 0o
y(0,t)=t=y(0,s)=— .
& (14) Solving (21) we get,
and - ()23 (1- Soste 57)1/3
R 7(0 ) y(x,s) = Ae 573
y ylu,s S
& (O,I) -0 dx B 15 7 1/3 (l—s3 s4+s7)l/3></ 52/3+i X X
( ) (1)113(1 s fs +s ) 2t
Using (14), (15) in (13) we get 2 ree
A+B =0 (16) Using (20) we get,
A-B=0 a7 A=0; B=0; C=0
Solving (16), (17) we get A=0=B _ S
y(X,s) = 2 X
Equation (13) becomes, s +1
2
_ X L
y(x8) = - (NIx 8] = . +1X
S S
2 -1 5
X 1 y(x,s) =L X = Xcost
=i(y)=—-5% (sz+1j
S S
5 This is an exact solution.
-1] x 1
y=L | —-—=
s s V. CONCLUSIONS
=x2 _t In this article, we proposed most general lineartifla
Solution iny(x,t) = x2—t is an exact sabut Integro-Differential Equations in modelling differe

4.3 Example consider the PIDE

0) 3 5 0
—y+—;+—y—y+xt I Cosh( - s)—; s ¥is
ot ot ot ox

With the conditions,
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(18)

applications in Engineering Problems such as wave
equation, heat transfer equations under Laplace
Transform technique. In LT, we used convolution ridér
theorem for finding exact solutions of 3 different
examples.
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